Inspection of consignments of imported goods is commonly undertaken at national bor-1 ders in order to prevent incursions of pests and diseases and deter malefactors. Inspection 2 of the whole consignment is usually either impossible or inefficient, so inspection of a 3 random sample is used instead. 
United States (Pimentel, 2011) .
33
Border inspection for biosecurity is typically the responsibility of National Govern-34 ments and is carried out for verifying the effectiveness of pre-arrival treatments, the 35 detection of material that may pose a biosecurity risk, to gather information about con-36 tamination rates, and to deter any potential wrongdoing. Such pre-border and border 37 intervention on a range of imported goods is based on the risk profile of the goods and 38 international agreements.
39
It is often impractical to inspect all items in a consignment, so only a sample is in the regulatory context, see Robinson (2017) and Venette et al. (2002) .
43
The number required to be sampled is set to provide a certain probability (the sensi-44 tivity) that at least one contaminated item would be detected from the sample, given a 45 particular prevalence of contaminated items, or less often, given a specified number of 46 contaminated items. The Binomial distribution can be used for large consignments to determine this number. As an example, a typical application sets a prevalence (referred 48 to as a design prevalence) at 0.5% and calculates the sample size required to have a 95% 49 chance (the sensitivity) of detecting at least one contaminated item. In this case the 50 required sample is 598, which is universally rounded to 600 for convenience. Ideally the 51 design prevalence and sensitivity are chosen to provide an acceptable level of residual 52 risk. When the regulator applies this approach, they are accepting that for consignments 53 that do have a prevalence of infested items of 0.5%, in 5% of consignments no contam-54 inated items will be found and these consignments will pass inspection. This example 55 will be used throughout this paper to provide a tangible example of some concepts.
56
Formally, denote the design prevalence by p, the desired sensitivity by S d , and the number of units to be inspected by n. The regulator sets the parameters p and S d , then determines the number of units to be sampled (n), so that the probability that one or more contaminated units is found is greater than S d . For large consignments we can use the Binomial distribution to obtain the sensitivity
Expressing Equation (1) in terms of n gives us the (minimum) number of units to sample to achieve the desired sensitivity S d , as: in the consignment as if they were strata. We assume that once the sample is split, the 96 required number of units from each line are randomly selected from the respective lines.
97
We show that the act of stratifying the consignment by line and then allocating the 98 total inspection sample (e.g. the 600 unit sample) proportionally to the stratum pop-99 ulation counts will deliver nominal sensitivity (at least 95%) against a given overall 100 contamination rate (0.5% as an example equal to the design prevalence.
122
We shall find which combination of line prevalences (that satisfy the design prevalence) 123 corresponds to the smallest overall sensitivity. By basing our calculation of the total 124 number n of samples required on that combination of prevalences, we will ensure that 125 the sensitivity of the inspection will be always greater than the required design sensitivity,
We shall sample a proportion w k of the total sample from line k. Hence the sample 128 size per line is n k = w k n, such that k w k = 1. There are N k units in the k th line 129 making a total of N = k N k units.
130
If there are d k contaminated items in line k we could use the Hypergeometric dis-131 tribution to calculate the probability that none of these would be found. The result 132 is mathematically intractable, and it is both more convenient and more conservative 133 to use the Binomial approximation based on a contamination rate expressed as a pro-
. The joint contamination rate, p (our design prevalence), satisfies
When sampling from multiple lines, the sensitivity S of the inspection is of the same form as Equation (1), namely
Minimising Equation (3) is equivalent to maximising k nw k log(1−p k ), subject to the constraint placed by the joint contamination rate, k N k p k = N ·p. It is straightforward to show by the method of Lagrange Multipliers (Lagrange, 1811) that the combination of p k for which the sensitivity is least is:
We can now consider the optimal values for the weights w k , beginning with the best 137 choice, which is splitting the sample proportional to the line sizes. 
Dividing the Sample Size Proportional to the Line Sizes

139
In Equation (4), if we choose w k = N k /N then p k = p minimises the sensitivity, S.
140
We choose n by substituting these values into Equation (3), giving n =
choice of n and weights w k = N k /N ensure that the realised sensitivity will be no worse 142 than the design sensitivity, irrespective of the individual line prevalences that satisfy the 143 design prevalence.
144
The total sample size is the same as if we were sampling from a homogeneous popula- lences that overall meet our design prevalence, the sensitivity of the inspection will be 149 greater than the design sensitivity. to find contamination present at the design prevalence of 0.5%, with 95% sensitivity.
153
As already mentioned this requires a 600 unit sample (which actually corresponds to proportional allocation, whereas it may be less under non-proportional allocations for 165 some prevalence combinations that meet the design prevalence. has the design prevalence of 0.5%, the desired sensitivity of 95.06% (the grey horizontal line) requires a total sample size of 600 units. The figure shows the sensitivity obtained from different divisions of the 600 units between lines when the prevalence in line 1 and line 2 vary such that the overall prevalence is 0.5%. If we split the 600 samples proportionally, the solid black line shows the sensitivity obtained is always greater than the desired sensitivity. For a nonproportional allocation, the sensitivity is sometimes greater and sometimes less than desired.
Sometimes our inspection will not be fully effective, and we have a probability e k that 172 inspection of a contaminated item in line k will detect the contamination. When our 173 inspection method is less than perfect, we need to take more samples to compensate.
174
Define M k = N k /e k . If we assume that our sample is divided between lines in proportion 175 to M k , we can show that the minimum sensitivity occurs when the apparent prevalence
176
(p k e k ) in each line is the same by using the method in Section 2.1. From that we find 177 that the number of samples required should be based on an adjusted (smaller) prevalence
Design Prevalence as an Absolute Number
180
Occasionally the design prevalence is specified as an absolute number D of contaminated items. Replacing p by D N in the above gives the required sample size which, as before, would be split proportionally between the lines:
For an absolute design prevalence, log(1 − D/N ) needs to be calculated for each Suppose that we think the actual line sizes could be between
The consignment size would be between N (1−α) and N (1+β), the sum of the lower and upper line sizes respectively. Hence the weighting for line k should lie between 1+β) and
. To be conservative, we use the upper limit of this range to determine the number of samples per line in terms of n calculated based on Equation (2) using our desired sensitivity and design prevalence:
Our uncertainty about line size means that we need to take more samples in total, none-something regulators might be uncomfortable with.
208
We have shown how a standard sample size may be split between a mixed-line consign-209 ment, while still giving the desired chance of detecting contamination if it is present at a 210 specified rate for the entire consignment. The critical point for exporters to understand 211 is that if contamination is found in just one line, the entire consignment has not satisfied 212 the import requirements and would be deemed to have failed the inspection with the 213 resultant consequences.
214
The reverse is true for regulators: it is important that they do not deem only the it is out of scope for this paper, it must be pointed out that simply taking more samples 219 to make up the difference in the 'clean' lines to the total sample size (e.g. 600 units) is 220 not enough. In designing the total sample size required, the fact that we will tolerate 221 finding a contaminated unit must be taken into account. 
